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In [5] and [12] Ferrand and Vasconcelos, respectively, proved the following 
THEOREM. Let I be an ideal of a local ring R. Then I is generated by a regular 
sequence if and only if p dim I < 00 (projective dimension of I) and LIP is free 
over R/I. 
Vasconcelos has asked whether the above Theorem remains true for rings R 
with the property that all the (finitely generated) projective R-modules are free. 
(Only the “if” condition has to be verified). He has noted that it is so if 
p-dim I < 1. 
We shall exhibit an example of a ring R with all the projectives free which 
contains an ideal I withp dim I = 2, 1/12-free over R/I but still I is not generated 
by a regular sequence. 
Put A = Iw[X, Y, 2, T]/(X2 + Y2 + .Z2 + T2 - 1)-the coordinate ring of 
the three-dimensional real sphere S3. We denote by S the multiplicative sub- 
system of A which consists of all the polynomial functions which do not vanish 
on S3. 
By [ 1 I] a projective module over A, is free if the induced (topological) vector 
bundle over Ss is trivial. It follows that all the projective R-modules where 
R = A, are free since all the vector bundles over S3 are trivial [lo]. 
Let m denote the maximal ideal of A generated by the images of X, Y, 2, T - 1 
in A. Put I = m, . Then I is a maximal ideal of R with p dim I = 2 since R is 
regular. Moreover I/I2 is free over R/I. We claim that I can not be generated by 
three elements. Suppose that on the contrary I = (f, g, h). We can assume that 
f, g, h E m. We define a section y of the trivial vector bundle of rank 3 over S3: 
Y(4) = (4, f(q), g(q), h(q)) for qGS3 
The point (0, 0, 0, 1) is the only zero of y since sm C (f, g, h) for some s E S. 
There is an induced map germ ([w3, 0) + (Iw3, 0) defined by (a, b, c) -+ 
(f(a, b, c, (1 - a2 - b2 - 3)1/Z), g(a, 6, c, (1 - a2 - b2 - c”)l/“), h(a, b, c, 
(1 - a2 - b2 - c2)‘j2)). By definition [8] the index of the point (0, 0, 0, 1) is 
equal to the degree of the map germ defined above. 
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Let now p be an arbitrary analytic map germ (iw”, 0) + ([w”, 0) with the 
coordinate functions pi , p2 ,..., pee, . One associates with p a local ring Q(p) = 
R((X, , X2 ,..., Xn>>/(pl , p2 ,..., pn) where Iw((X, , X2 ,..., X,>> denotes the ring 
of the convergent power series in the neighbourhood of the origin in iw”. 
Let p denote the map germ ([ws, 0) ---f ([w3, 0) defined above. We define a 
homomorphism y: [w[X, Y, 2, T] ---f [w<X, Y, Z>> by v(X) = X, v(Y) = Y, 
v(Z) = 2 and q(T) = p where p E Iw((X, Y, Z>> is such that p2 = 1 - X2 - 
Ya-Zsandp(O,O,O) = 1.kerg,=(X2+ Y2+Z2+ T2- l).Sop,inducesa 
monomorphism A, -+ [w((X, I’, Z>> w ic h h we shall also denote by r+ It is easy 
to check that v(f) = p, , v(g) = p2 and v(h) = p3 where pi, p2, pa are the 
coordinate functions of the map germ p (which was induced by y). It follows that 
Q(p) e As/I ‘v !f& (Note that X, Y, 2 E 1.) 
We have to invoke now the following 
THEOREM [4]. Let p: (W, 0) -+ (W, 0) b e an analytic map germ such that the 
local ring Q(p) is a finite dimensional vector space over [w. Let J be an ideal of Q(p) 
which is maximal with respect to the property that J2 = 0. Then 
/ deg p j = dim, Q(p) - 2 dim, J 
In view of the above Theorem we get that 1 deg p j = 1 and the absolute 
value of the index of y at (0, 0, 0, 1) is equal to 1. This is a contradiction since 
the Euler characteristic of S3 is 0. (Note that the tangent bundle of S3 is trivial). 
So I is not generated by a regular sequence. Some ideas of the above proof were 
inspired by [6]. 
In the sequel we shall be considering only the commutative noetherian rings. 
For any finitely generated R-module M v(M) will denote the minimal number of 
generators of M. 
Let I be an ideal of a ring R such that all the projective R-modules are free. 
Suppose that p dim I < cc and I/I2 is free over R/I. In view of the above 
example the following problem arises: What extra condition is needed to ensure 
1 to be generated by a regular sequence? We were able to find such a condition, 
unfortunately a very technical one. 
In what follows we shall need the following: 
PROPOSITION 1. Let I be an ideal of a ring R. Suppose that p dim I < CQ and 
I/I2 is jkee over R/I. lf v(I) = v(I/12) then I is generated by a regular sequence. 
Proof. The conditions “p dim I < co” and “I/I2 is free over R/I are 
preserved under localizations at the primes containing I. It follows from the 
theorem stated at the beginning of this paper that I is locally a complete inter- 
section ideal of height v(1/r2) = n (say). We obtain in particular that 
depthRPIP = n for any prime p containing I. So depth 1 = n since depth I = 
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inf depth,=1, . By [7, Theorem 1251 I is generated by a regular sequence since 
P3I 
depth1 = v(l). 
PROPOSITION 2. Let I be an ideal of the ring R with I/I2 free of rank n over R/I. 
Suppose that the images of xl , x2 ,..., x,, E I generate I/I”. Then there exists s E R 
such that (I, s) = R and I, = (x1 , x2 ,..., x,J. 
Proof. Easy application of the determinental trick. 
PROPOSITION 3. Let x, , x, ,..., x, , s have the same meaning as in Proposition 2 
and let s’ E I with (s, s’) = R. If the unimodular ow [x1 , x2 ,... , xn] over R,,p can be 
lifted to a unimodular row over Rsj , i.e. the projective R,,*-module corresponding 
to [Xl 7 x2 ,.**, xn] can be lifted to a projective R,t-module P satisfying P @ R,* N Rt. 
then I is a homomorphic image of a projective R-module of rank n. 
Proof. See [l]. 
Let x1 , x2 ,..., x, be such the elements of I that their images in I/I2 generate 
I/F. Then for the brevity sake we shall call [xr , x2 ,..., xn] the associated 
unimodular row over R,,, and it will be understood that I, = (x1, x, ,..., xn) 
and (s’, s) = R. Of course there are many choices for s and s’. 
THEOREM 4. Let R be a (noetherian) ring with all the projectives free. Then 
the following three conditions are equivalent. 
1. I is generated by a regular sequence 
2. (a)pdimI< cc 
(b) IlIz is free over R/I 
(c) for any system of elements y1 , y2 ,..., yn E I whose images in I/I” form 
a basis of I/I2 there exists an associated unimodular row [yl , y2 ,..., yn] over R,,, 
which can be lifted to a unimodular row over R,, . 
3. (a) p dim1 < co 
(b) I/I2 is free over R/I 
(c) there exists a system of elements y1 , y2 ,..., ym E I whose images in I/I” 
form a free basis of I/I2 and such that the associated unimodular row [ y1 , y2 , . . . , yr,] 
over R,,, (for some s and s’) can be lifted to a unimodular row over R,, . 
Proof. The implications 1 + 2(a) and 1 + 2(b) are well known. Let 
I = (x1 , x2 ,..., x,) where xi , xa ,..., x, form a regular sequence and let 
yi , ya ,..., yn be the elements of I whose images form a free basis of 1/12. Then 
yi = C;, aijxi with aii E R where 1 < i < n. Put s = det(atl). It follows from 
our assumptions that (I, s) = R. (The images of x1 , x2 ,..., x, in 1/1s form a free 
basis of 1/F!). Moreover 1, = (yr , ya ,..., y,J. Pick s’ ~1 with (s’, s) = R. Then 
[Yl P Y2 t***> y2] is an associated unimodular row over R,,, which defines the same 
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projective R,,,-module as [x1 , x2 ,..., XJ since the matrix (uij) is invertible over 
& . We have s’ E I = (x1 , xa ,..., x,). So [x1 , xa ,..., XJ is unimodular over 
R,, . Thus [rl , yz ,..., ml can be lifted to a unimodular row over R,, which was 
to be proved. 
The implication 2 + 3 is obvious. 
Proof of 3 - 1. By Proposition 3 I is a homomorphic image of a projective 
R-module of rank n. We have v(1) < n since all the projective R-modules are 
free. Thus v(l) = u(I/I”) = n since v(l) 3 v(1/12). It follows from Proposition 1 
that I is generated by a regular sequence which was to be proved. 
Remarks. 1. The example at the beginning of our paper shows that the 
technical conditions 2(c) and 3(c) are essential. 
2. In the local case 2(c) and 3(c) are automatically satisfied since s is 
invertible in R and the localization homomorphism R,, + R,,, is an isomorphism. 
3. It is easy to see that the conditions 2(c) and 3(c) are satisfied if n = 1 or 
n = 2. (If n = 1 we make the natural convention that an invertible element 
defines a zero module). 11 = 1 or n = 2 holds if and only if p dim I< 1 which 
is the case mentioned at the beginning of our paper. 
4. There remains a problem of formulating 2(c) and 3(c) in a more 
“invariant” way, i.e., in a way which does not depend on many choices involved. 
5. Suppose R satisfies the assumptions of Theorem 4 and let I be an ideal 
of R with p dim I < CO and I/Ffree over R/I. Then it follows from [I] and 
Proposition I that I is up to the radical generated by a regular sequence. 
We shall give now one instance when the maximal ideals are generated by a 
regular sequence. 
THEOREM 5. Let R be a ring containing a field k and let s E R be such that 
R, N A[Xj for some ring A. Suppose m is a “rational” maximal ideal of R (i.e. the 
natural map k --+ R/m is an isomorphism) which does not contain s. If R, is regular 
with dim R, = dim R then m isgenerated by a regular sequence. 
Remark. The case when s = 1 was proved in [2] (without the rationality 
hypothesis). 
We shall need some auxiliary material before we start a proof of Theorem 5. 
In the sequal E(n, R) will denote the subgroup of the general linear group 
GL(n, R) generated by all the elementary matrices. The next Proposition is a 
more elaborate version of Proposition 3. 
PROPOSITION 6. Let I be an ideal of a ring R and let s E R with (s’, s) = R 
where s’ E I. Suppose I, = (x1 , x2 ,..., x,) where xi E R, for 1 < i < n. 
If there exists a unimodular row [al , a2 ,..., an] over R,, and y E E(n, R,,,) such 
that y([x, , x2 ,..., xn]) = [a1 , a2 ,..., a,] over R,,, then v(I) < n. 
481/57/r-16 
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Proof. It was proved in [l] that I is a homomorphic image of a projective 
module of rank n which is free over R, and RR,, and whose patch over R,,, is 
given by y. By [9] such a module is free since y E E(n, R,,,). So v(l) < n since I 
is a homomorphic image of a free module of rank n. 
LEMMA 7. Let R = A[X] and let M be a maximal ideal of R with htM = 
dim R and R, regular. Then there exists t E 1 + (M n A) such that Mt isgenerated 
by n elements fi , fi ,..., f,, where TZ = dim R and fi , fi ,..., fnel generate Mt n A, . 
Proof. Put m = M n A. By [3] A, is regular. So m = (fi , fi ,..., fnel , e) 
where e(e - 1) E (fi , fi ,..., fL). Thus M = (fi ,fi ,...,fn--l , e,f,J since 
R/(M n A)[X] = A/m[X] is a principal ideal ring. Put t = 1 - e. Then 
Mt = (fi , fi ,..., fm) and M, n A, = m, = (fi , fi ,..., fnd1) which was to be 
proved. 
Proof of Theorem 5. Let N denote the nilradical of A. We have tN = 0 
for some t E A - (m, n A) since Am,-,* is regular (Ii& N A,[3 and A, has 
no non-zero nilpotent elements. So we can assume from the very beginning that 
A is reduced. Put n = dim R. Let n = 1. Then 
R,NA[X] =k,[X-J@..*@k,[Xj 
where Ka is a field for 1 < i < Y since A is a reduced zero-dimensional ring. Let 
1 = el + e2 + ... + e, be an associated decomposition of 1 into the sum of 
orthogonal idempotents. Suppose e, 4 m, . Then (R& N (A[XJJ = k,[Xj. So 
we can assume that r = 1. Moreover it follows from the rationality hypothesis 
that /zr = K. Thus we have R, N R[X] (after a possible change of s). 
Let a denote the image of s in k[X]. 0 + OL E k since s is invertiable in R, . 
So the image of s - 01 in R, is 0. Thus there exists a number i such that 
&(s - a) = 0. It follows that s - 01 E m since s $ m. It is easy to see that m is 
generated by s - (II and such f which generates m, (one uses the fact that s is 
comaximal to s - a). Moreover the ideal generated by s - 01 can be generated by 
an idempotent e (say) since (si) + (s - a) = R and (si)(s - a) = 0. So m = 
(e, f) = (e + (e - 1)f). It follows from Proposition 1 that m can be generated 
by a non-zero divisor. So we are done with a case n = 1. 
Let now n >, 2. In view of Lemma 7 after a possible change of s we get that 
m, = (fi ,f2 ,..., f,J where fi , fi ,..., fnpl generate m, n A. This change of s does 
not affect the reducedness property of the coefficient ring A. 
Let ol denote the image of s in R/m N k. 01 # 0 since s # m. The image of s in 
A[X] is contained in A since s is invertible in R, and A is reduced. Therefore 
the image of s’ = s - 01 in A[X] is in m, n A = (fi , f2 ,..., f,+& Thus the 
unimodular row [fi , fi ,...,f,J over R,,, N A,* is a trivial one in the sense that 
already [fi ,f2 ,...Jn-Il is unimodular. So there exists y E E(n, R,,,) such that 
Y([fi ,f?. Y.,.Ll) = P, o>...> 01. By Proposition 6 v(m) < n ((s’, s) = R). Invoking 
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Proposition 1 again we obtain that m can be generated by a regular sequence 
which was to be proved. 
Let R denote the ring K[X, , YJ/(~~=, X,Y,) where Y > 2 and K is an alge- 
braically closed field. For any 1 < j < Y Rx, N k[X, , X;‘][& , Yi]i,j and 
Ryj e K[Y, , Y;‘][Xi , Yi]i+j . It follows from Theorem 5 that each maximal 
ideal of R different from the maximal ideal corresponding to the origin is 
generated by a regular sequence (each such maximal ideal corresponds to a 
nonsingular point of a variety defined by R. 
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